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QUENCHED ASYMPTOTICS FOR BROWNIAN MOTION OF 
RENORMALIZED POISSON POTENTIAL AND FOR THE 
RELATED PARABOLIC ANDERSON MODELS 

By Xia Chen 1 

University of Tennessee 

Let B a be a d-dimensional Brownian motion and co(dx) be an 
independent Poisson field on R d . The almost sure asymptotics for 
the logarithmic moment generating function 

logE expj±6>^ F(B s )dsj (t-¥oo) 

are investigated in connection with the renormalized Poisson poten- 
tial of the form 

V(x)= [ r -L—[ u (dy)-dy], xeR d . 

Jmd \y-x\p 

The investigation is motivated by some practical problems arising 
from the models of Brownian motion in random media and from the 
parabolic Anderson models. 

1. Introduction. Consider a particle doing a random movement in the 
space M. d . The trajectory of the particle is described by a d-dimensional 
Brownian motion B s . Independently, there is a family of the obstacles ran- 
domly located in the space M. d . Assume that each obstacle has mass 1 and 
that the obstacles are distributed in R rf according to a Poisson field uj(dx) 
with the Lebesgue measure dx as its intensity measure. Throughout, the 
notation "P" and "E" are used for the probability law and the expectation, 
respectively, generated by the Poisson field uj(dx), while the notation u ¥ x v 
and "E x " are for the probability law and the expectation, respectively, of 
the Brownian motion B s with Bq= x. 

The model of Brownian motion in Poisson potential has been introduced 
to describe the trajectory of a Brownian particle that survived being trapped 
by the obstacles. We refer the reader to the book by Sznitman [24] and the 



Received September 2010; revised January 2011. 
Supported in part by NSF Grant DMS-07-04024. 
AMS 2000 subject classifications. 60J65, 60K37, 60K40, 60G55, 60F10. 
Key words and phrases. Renormalization, Poisson field, Brownian motion in Poisson 
potential, parabolic Anderson model, Feynman-Kac representation, large deviations. 

This is an electronic reprint of the original article published by the 
Institute of Mathematical Statistics in The Annals of Probability. 
2012, Vol. 40, No. 4, 1436-1482. This reprint differs from the original in 
pagination and typographic detail. 



1 



2 



X. CHEN 



survey [21] made by Komorowski for a systematic account of this model 
and the monograph by Harvlin and Ben Avraham [20] for physicists' views 
on the trapping kinetics. In the usual set-up, the random field (known as 
potential function) 

(1.1) V{x)= I K(y-x)cj(dy) 



represents the total trapping energy at generated by the Poisson 

obstacles, where K(x) > is a deterministic function on W 1 known as the 
shape function. In the quenched setting, where the observation of the system 
is conditioned on the environment generated by the Poisson obstacles, the 
model of Brownian motion in Poisson potential is often introduced as the 
random Gibbs measure Ht,u on C{[0,i];M d } defined as 



The integral 

fv{B s )ds 
Jo 



'0 

measures the total trapping energy received by the Brownian particle up 
to the time t. Under the law fj,t,u, therefore, the Brownian paths heavily 
impacted by the Poisson obstacles are penalized and become less likely. 

Sznitman [24] considers two kinds of shape functions. In one case K(x) = 
ode for a nonpolar set C C M. d , while in another case, the shape func- 
tion K(x) is assumed to be bounded and compactly supported. The corre- 
spondent potential functions are called hard and soft obstacles, respectively. 
In the case of hard obstacles, the Brownian particle is completely free from 
the influence of the obstacles until hitting the C-neighborhood of the Pois- 
son cloud which serves as the death trap. In the setting of the soft obstacles, 
only the obstacles in a local neighborhood of the Brownian particle act on 
the particle, and the collision does not create extreme impact. 

According to Newton's law of universal attraction, for example, the inte- 
grals 

1 f 1 

i - r - ruj(dy) and / : -j-^uj(dy), x £ M. d , 

\y-x\ J R d \y-x\ d ~ 2 

represent (up to constant multiples), respectively, the total gravitational 
force and the total gravitational potential at the location x in the gravita- 
tional field generated by the Poisson obstacles in the case when d > 3. There- 
fore, it makes sense in physics to consider the shape function of the form 

(1.3) K(x) = \x\- p , x£R d . 

A serious problem is that under choice (1.3), V(x) blows up at every 
x £ R rf when p < d. In a recent paper [9], a renormalized model has been 
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proposed as follows: First, it is shown ([9], Corollary 1.3) that under the 
assumption d/2 < p < d the renormalized potential 

(1.4) V(x)= f T ^-—[ u {dy)-dy] i x € M. d , 

\y-x\p 

can be properly defined and that for any > and t > 0, 
E ® E exp j-<9^ V(B s )dx^ < oo. 

Consequently, 

(1.5) Z tiW = E o exp|-0^ V(B s )dx\ < oo 
Thus, the Gibbs measure ~p, t w given as 

(1.6) ^L = J— eX pl-ef t V(B a )da 

is well defined and appears to be a natural extension of fit w [given in (1.2)] 
in the following sense: When K{x) is compactly supported and bounded, by 
translation invariance of Lebesgue measure, 



a.s. 



V(x)= [ K(y-x)[co(dy)-dy}= f K(y-x)u(dy)- [ K(y) 



dy 



V(x) — constant. 



So the Gibbs measures generated by V(x) and by V(x) are equal. We call the 
random path under the law m tU> the Brownian motion of the renormalized 
Poisson potential V{x). In the case when K{x) is given in (1.3), the renor- 
malized Poisson potential V(x) in (1.4) appears as the constant multiple of 
the Riesz potential of the compensated Poisson field ui(dy) — dy. 

One of major objectives of this paper is to investigate the large-t asymp- 
totics for partition function Zt u given in (1.5) with the potential func- 
tion V(x) be defined in (1.4). 

This problem is also motivated by the parabolic Anderson formulated in 
the form of the Cauchy problem 

J dtu(t,x) = nAu(t,x) + £(x)u(t,x), 
\u(0,x) = l, 

where k > is a constant called diffusion coefficient, and £(x) is a properly 
chosen random field called potential. 

Among other things, the parabolic Anderson models are used to describe 
evolution of the mass density u(t,x) distributed in M. d (see, e.g., [9] for 
the discussion on this link). The mathematical relevance of the parabolic 
Anderson models to our topic is based on two facts: First, by the space 



(1.7) 
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homogeneity of the Poisson field, 

(1.8) {£(t,x);t>0} = {£{t,0);t>0}, x£R d . 

Consequently, the focus of the investigation is often on u(t,0). Second, by 
the Feynman-Kac representation, 

(1.9) u(t,0)=E expUt(B 2KS )ds\ = E exp j^)" 1 ^ £(B 3 )ds 

for sufficiently nice 

There are long lists of publications on this model among which we refer 
the reader to the monograph [5] by Carmona and Molchanov for the overview 
and background of this subject. In the usual set-up, £(cc) = ±V(x) with V(x) 
being given in (1.1). In the existing literature, the shape function K(x) 
is usually assumed to be bounded and compactly supported so that the 
potential function V(x) can be defined. A localized shape is analogous to the 
usual set-up in the discrete parabolic Anderson model, where the potential 
{V(x);x £ Z d } is an i.i.d. sequence. On the other hand, there are practical 
needs for considering the cases, such that when K(x) = |x| _p , where the 
environment has a long-range dependency and the extreme force surges at 
the locations of the Poisson obstacles. 

In this paper, we consider the case when £(x) = ±9V(x) where V(x) is 
defined in (1.4). Given the fact (Proposition 2.7 in [9]) that V(x) is un- 
bounded in any neighborhood with positive probability, it is unlikely that 
equation (1.7) is solvable in the path-wise sense. On the other hand, it has 
been proved in [9] that u(t, x) represented by the Feynman-Kac formula 
is a mild solution to (1.7) [with £(aj) = ±9V(x)] whenever the quenched 
moment in (1.9) is finite. 

The objects of our investigation are the quenched exponential moments 

(1.10) E expj-6>^ V{B s )ds^ and E expj<9^ V(B s )ds\. 

According to (1.5), the first exponential moment in (1.10) is almost surely 
defined. As for the second exponential moment, it has been proved in recent 
work [9] that the correspondent annealed exponential moment blows up, and 
that, for any 9 > and t > 0, 

h 



(1.11) E exp!,8 J*V(B s )ds\ j 



< oo, if p < 2, 
= oo, if p > 2. 



The critical case p = 2, in which d = 3 by the constraint d/2 < p < d, has 
been investigated in a more recent paper [10] where it is shown that for 
any t > 



(1.12) E expj/9^ V{B s )ds 




a.s. when 9 < 
a.s. when 9 > jq. 
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The main objective of this paper is to investigate the quenched large- 1 
asymptotics for the exponential moments given in (1.10) whenever these 
moments are finite, except the critical case described in (1.12) (which is 
studied in [10]). We point out the references [3-5, 7, 11-14, 17, 18, 22- 
24, 26, 27] as an incomplete list related to this topic. 

For later comparison, we mention some existing results which are narrowly 
relevant to the topic of this paper. Let the potential function V(x) be given 
in (1.1). Sznitman ([24], Theorem 5.3, page 196) shows that for the bounded 
and compactly supported shape K(-) and 9 > 0, 

(1.13) fim ( log ^ 2/d logEoexpj-fl^ V{B s )ds\ = ~ A ^(^) ' a- 8 -"^ 

where > is the principal eigenvalue of the Laplacian operator (1/2) A on 
the ci-dimensional unit ball with zero boundary values, and Ud is the volume 
of the d-dimensional unit ball. With a slightly different formulation [22] , the 
model of hard obstacles yields the same pattern of asymptotics. 

Under some continuity, boundedness assumptions on K(x) and under 
some restriction on the tail of K(x), Carmona and Molchanov ([6], Theo- 
rem 5.1) prove that 

(1.14) lim lQ f lQg f log E exp ( 6 I V(B 8 ) ds\ = d9 sup K(x) a.s.-P. 

t^oo tlogt [Jo J x6Rd 

The interested reader is also referred to [19] and [17] for the correspondent 
asymtotics of the second order. 

After the first draft of this paper was completed, the author learned the 
recent investigation by Fukushima [15] in the case when K(x) = \x\~ p A 1 
with d < p < d+2, the setting where no renormalization is necessary. Fukushi- 
ma [15] shows that 



lim ^(logir^-^logEoexp/- [ V(B s )ds\ 
(1.15) 1 L ' 

d/ P -d\ ( '- d >' d ( f P -d\y' d 



It should be mentioned that Fukushima also obtained the second asymptotic 
term in his setting. 

2. Main theorems and strategies. Throughout this paper, let ujd be the 

volume of the d-dimensional unit ball. Let W l ' 2 (M. d ) denote the Sobolev 
space given as 

W 1,2 (M. d ) ={/ € £ 2 (M. d ); V/ G C 2 (M. d )}. 
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By (A. 4) below, when d/2 < p < min{<i, 2} there is a constant C > such 
that 

^^<c||/ll2 _p l|V/||f, few 1 ' 2 ^). 

Let a(d,p) > be the best constant in above inequality. 
The main theorems are stated as follows. 

Theorem 2.1. Under d/2 <p < d, 

lim ^(logt^-f^logEoexpl-fl f V{B s )ds 

(2 1) 

d — p\ d \ p 

for every > 0. 



(2.2) 



Theorem 2.2. Under d/2 <p< min{2, d} 

fv(B s ) 
Jo 



1 /loglogA 2/(2 " p) 
lim -( -f— J logEoexp^ / V(B S ) ds 

t^oo t \ logt / 



2/(2-p) 

O.S.-I 



/or every > 0. 

We now make a comparison of "(1.13) versus (2.1)" and "(1.14) ver- 
sus (2.2)." First, the quenched exponential moments in our models gener- 
ate significantly larger quantities. Second, a heavy shape dependence (or 
p-dependence) presented in our theorems sharply contrasts the shape insen- 
sitivity appearing in (1.13) and (1.14). In Theorem 2.1, it is the nonlocality 
of the shape function that plays a major role, while the high peaks of V{x) 
correspond to small values of the quenched exponential moment. On the 
other hand, the asymptotics in Theorem 2.2 is shaped by the singularity of 
K(x) = |x|~ p at x = 0. In addition, there seems to be a degree of resem- 
blance between (1.15) and (2.1). Based on the comment made about roles of 
nonlocality and singularity, it may be possible that (1.15) remains true even 
without removing the singularity of K(x) at x = 0. We leave this problem 
to future study. 

Does the Lebesgue measure in renormalization contribute to the limit 
laws stated in Theorems 2.1 and 2.2? The answer is "Yes" to Theorem 2.1, 
for otherwise the right-hand side of (2.1) would be negative. The answer is 
"No" to Theorem 2.2 as the major impact comes from the Poisson points in 
a very small neighborhood of the site where the Brownian particle is located 
[see (2.12) below for a more quantified analysis on this point]. 
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Associated with the spatial Brownian motion in the classic gravitational 
field generated by the Poisson obstacles, the following corollary appears as 
Theorem 2.1 in the special case d = 3 and p = 2. 

Corollary 2.3. When d = 3 and p = 2, 
(2.3) lim i _1 (logi)- 1/3 logEoexpj-0^ V(B s )ds^ =3<yj2ir6 a.s.-P 
for every > 0. 

Let uo(t,x) and u\(t,x) be the mild solutions to the parabolic Ander- 
son problems (1.7) that satisfy the Feynman-Kac representation (1.9) with 
£(x) = — 9V(x) and £(x) = 9V(x), respectively. By the space homogene- 
ity (1.8) and by Theorems 2.1 and 2.2, 

lim ^(logtr^-^loguo^x) 

(2.4) 



t— ¥00 

ed 2 /oW2 P -dy p/d 

d — p\ d \ p J 



a.s.- 



(2.5) 



l/loglogA 2/(2 - p) . . . 



P/( 2 -P) ./^^^\ 2 /( 2 -f) 

a.s.-ll 



\ (l J (2 p) M<M ( ?°fd \ 



for every 9 > and x € M. d . 

An immediate observation is that the diffusion coefficient k does not ap- 
pear in (2.4). The same phenomena have been noticed by Carmona and 
Molchanov [6] in the case when £(x) = 9V(x) for the same V(x) appearing 
in (1.14). 

In the following we compare the strategies for the laws given in (1.13), 
(1.14), (2.1) and (2.2). To make the discussion more informative, we focus on 
the lower bounds and try to describe the behavior of the Brownian particle 
and the behavior of the Poisson particle in each strategy. The treatment 
for (1.13) and (1.14) does not have to be the same as their original proof. 
In our discussion, we use the notation B(x,R) for the d-dimensional ball of 
the center x and radius R. 

The following ingredients on the behavior of the Brownian particle are 
common to all strategies: Up to the time t the Brownian particle stays in 
the ball B(0,Rt) (referred as "macro-ball") with the radius Rt roughly equal 
to t? Within a period [0, ut] (with a very small u > 0), the Brownian particle 



2 The combination of the word "roughly" and a big number t means tL(t) with L(t) 
slow- varying at oo. 
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moves into one of the roughly t d prearranged and evenly located identical 
micro-balls 

(2.6) D z = B(z,r t ); z G b t 7L d n B(0,R t ), 

where rt <C bt and rtRt <C t. The principle that Brownian particle chooses D z 
is to maximize the positive energy (or to minimize the negative energy) from 
the Poisson field. 

The main difference among different strategies in the Brownian path is 
on the radius rt of the microbes. By the relation rtRt *C t and by a classic 
small ball estimate, the cost for the Brownian particle to choose D z is (5 > 
is a small number here) 

Po{The Brownian particle reaches D z quickly 

and then stays in D z up to t} 



(2.7) 



>— ^—j f e- lxl2/( - 2ut) F {B s £B(z-x,r t ) for 0<s<(l-u)t} dx 
( 27r ) JB(z,5rt) 

wexp{-o(r < " 2 t)}P i sup \B S \ <r t \ «exp{-A (i r ( " 2 t}. 

l 0<s<t 



Here we recall that > is the principle eigenvalue of the Laplacian opera- 
tor (1/2) A on the ci-dimensional unit ball with zero boundary condition. To 
make the cost affordable compared with the deviation scale t(logt) _2//<i in the 
strategy for (1.13), for example, the radius r t should be at least r(logt) 1 / d 
with the constant r > 0. Based on the same principle, the critical radius of 
the micro-balls in each strategy are determined as following: 



(2.8) r t 



r(logi) 1//d , in the strategy for (1.13), 

in the strategy for (1.14), 



'log logt 



V lo S* 

r(logf)" (d ~ p)/(2d) , in the strategy for (2.1), 

in the strategy for (2.2). 



log log t 



V(2-p) 



log* 

We now describe the behavior of the Poisson field in each strategy. For (1.13), 
the high peak of the quenched moment occurs when y V{B s )ds « 0. To 

make this happen, one of the C-neig hborhoods D z = D z + C [z € b t Z d n 
-8(0, Rt)] is obstacle- free, where C C M. d is the compact support of K(x), and 
the Brownian particle spends most of its time in that same micro-ball D z . 
In view of (2.7), therefore, 

E expj-#^ V(B s )ds\yexp{-\ d r- 2 t(logt)-V d } 
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on the event {mm z uj(D z ) = 0}, where the relation reads as "asymptot- 
ically greater than or equivalent to." 
On the other hand, 

p{minw(Z) 2 ) =oJ»l-(l- PMA)) = 0})*" 

= l_(l_exp{-a; < ,r <i logt})* d 

«l-exp{-t d - Wdrd }. 

Hence, a standard way of using the Borel-Cantelli lemma shows that the 
phase transition between 

p|minu;(.D z ) = eventually| = 1 and 

(2.9) 

p/mina;(D z ) > 1 eventually | = 1 

occurs when r satisfies ujdr d = d. Consequently, this strategy leads to the 
lower bound requested by (1.13). 

In the strategy for (2.1), only the impact of the Poisson obstacles within 
the distance a(\ogt) l l d from the Brownian particle is counted. To deter- 
mine constant a > 0, a crucial problem is whether or not the high peak can 
be captured by the "empty ball" strategy which means to make the ball 
B(B S , a(logt) 1 / d ) B(z, a(logt) 1//d ) as the Brownian particle stays in D z ] 
free of the Poisson obstacles. Under the "empty-ball" strategy, 

/ V(B s )dsn [ Vi{B s )ds-t [ y^-dx 

JO JO J{\x\<aQogt)V d } \ X \ P 

t(logt) 



where 

Vi(x) 



d — p 

u(dy) 



\y-x\<a(\ogt) 1 / d } \U - X \ P 



On the other hand, the estimate given in (2.9) shows that the largest 
radius R for one of the balls B(z, R) [z £ b t Z d n B(0, R t )} to be obstacle-free 
is R = {uj'2 1 d) 1 l d (\ogt) l / d . By making r > sufficiently large in (2.7), the 
best lower bound that the "empty-ball" strategy can offer is 

liminft-^log^-^^logEoexpl-e I V{B s )ds 

t->oo [ J Q 

d — p 
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under the optimal choice a = (u d comparison with (2.1), this bound 

gives the right rate but not the right constant. 

Based on the above analysis, we conclude that the constant a > has to 
be arbitrarily large and that the "empty-ball" strategy is not working well 
for (2.1). 

We now come to (1.14). By the continuity assumption on the shape func- 
tion and by homogeneity of the Poisson field, the supremum sup^ggd K(x) 
can be achieved somewhere, and we may assume that K(0) = sup xgK d K(x) 
in the following discussion. To support the limit law given in (1.14), the 
Poisson field executes a strategy that fills one of the <5-balls {B{z,5);z £ 
btL d H -6(0, Rt)} with a high density of the Poisson points, where the con- 
stant 5 > is (arbitrarily) small but fixed. By translation invariance and by 
continuity of K(x), for any z £ b{L d n B(0,R t ) 

V{B S )= [ K(x - B s )u(dx) 

JWL d 

K(x - (B s - z))u(z + dx) y K(0)u(B(z, 5)) 
as B s £ D z . By (2.7), therefore, 

E exp{# I V(B s )ds\ 
P.10) Wo 1 

yexp\9K(0)tmaxLj(B(z,5)) - A d r" 2 / ° g i. 
I z loglogtj 

On the other hand, by independence 
maxu)(B(z,5)) > a . lo f * 1^1- f 1 -p(w(J3(0,J)) > a- l ° gt 



log log t J \ [ log log t 

ps 1- (1 -exp{-crlogt})' d 
~ 1 - exp{-t d - a } Vcj > 0. 
Using the Borel-Cantelli lemma we can prove that 

(2.11) lim — - — — maxw(5(z, 5)) = d a.s. 

v ' t^oo logt z v v " 

Since r > can be arbitrarily large, (2.10) and (2.11) lead to the lower bound 
requested by (1.14). 

The strategy that Poisson field executes in (2.2) is to fill one of the balls 

z(^(^y {2 ~y z£ bt z d nB(o,R t) , 
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with a high concentration of the Poisson points. In the following we present 
a simple algorithm to illustrate the idea. Assume that the Brownian particle 
spends most of its time in D z for some z € btL d D B(0,Rt). Given a fixed 
a > 0, it is not hard to show that the impact of the Poisson points which are 
a-unit away from the Brownian particle is negligible, and that the "renor- 
malizer" does not make any noticeable contribution to the limit law in (2.2). 
Hence, 

V ( B s)= [ i 777 r-Hz + dx)-dx] 

J Rd \x- {B s -z)\p 

(2.12) » / j- —uj(z + dx) 

>w-L ,- P f_^i_y /{2 - p) / , ^ ,^^ iogiog^ i/(2 - p) i 



Write 



X z =u^y;\z + y\<d[ 



In view of (2.7), 

E expjfl^ V{B s )ds 



lot?/ \p/( 2 ~p) 
^ exp<i (r + <y)-P0t ( - — 2 — maxl 2 
1 log log*/ 



log log £ 



2/(2-p) 



Similarly to (2.11), 



log log t d(2-p) 
lim — max A^ = a.s. 

t-s>oo log t z 3 — p 

Since S > can be arbitrarily small, the optimal pick 

r _( 2x d ^-p) Y /{2 ~ p) 

\dp(2-p)0j 

leads to the lower bound 

I f _P_ 1 (9 - „1 (4"P)/(2-p) / 



This bound is sharp in rate in comparison with (2.2). Due to a lack of infor- 
mation on the value of a(d,p), we are not able to compare the constants on 
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the right-hand sides. However, it looks unlikely that the constant obtained 
here would match the one in (2.2). In addition, the argument given in Sec- 
tions 5 and 6 shows that the constant r > should be arbitrarily large for 
the accuracy requested by (2.2). 

In summary, the simple strategies given above provide some heuristic 
pictures on the behavior patterns of both Brownian particles and the Poisson 
field and can be made rigorous for (1.13) and (1.14), but fall short of the 
accuracy demanded by (2.1) and (2.2). Some harder computation on the tail 
estimates for Poisson integrals is needed for the main theorems in this paper. 

We now comment on the methods used in this paper. The Feynman- 
Kac formula is essential in this paper for tracking the principal eigenvalues. 
Among others, the ingenious approach developed in [16] and [17], which 
allows one to bound the principal eigenvalue over a large domain by the 
maximal of the principal eigenvalues over the sub-domains, plays a key role 
in our argument for the upper bound. With this approach, we reduce the 
problem essentially to the tail estimate of the random Dirichlet form 

(2.13) sup \±0 ( V(x)g 2 (x)dx-- [ \Vg(x)\ 2 dx\, 

g€J T d (B(0,re 1 / d )) I JB(0,re 1 / d ) *JB{0,rs 1 / d ) J 

where for any domain D cR d , Fd{D) is defined as the set of the smooth 
functions g on D with ||<?||£2m) = 1 and g(dD) = 0, the constant r > is 
large but fixed and associated with the critical radius rt posted in (2.8), the 
parameter e is given as follows: 



(logi) ( d p )/ 2 , in the proof of Theorem 2.1, 

loglogA d/(2_:p) 

, in the proof of Theorem 2.2. 



(2.14) 

logt 

Another important idea adopted in this paper is the Poisson field rescal- 
ing. In his proof of (1.13), Sznitman ([24], Chapter 4) reduces the problem 
to the investigation of the "enlarged obstacles" 

uj((logt)^ d dx). 

It is worth pointing out that the choice of the rescaling factor (\ogt) 1 / d 
links to the critical radius rt posted in (2.8). What we confront here are the 
"contracted obstacles" u(edx) — edx with e > given in (2.14). Under the 
substitution g{x) i— > e~ 1 ^ 2 g(e~ 1 ^ d x) and by Fubini's theorem, the variation 
in (2.13) is equal to 

g\y) 



sup \±9e~ p/d [ 



B(0,r) \y-x\P 
£ -2/d 



dy [u(edx) — edx] 
\X7g(x)\ 2 dx 

B(0,r) 



BROWNIAN MOTION OF RENORMALIZED POISSON POTENTIAL 



13 



The tail probabilities of the compensated Poisson integral appearing here 
will be the main topic of the next section. 

In comparison to the existing literature such as [2, 17, 25, 26], perhaps 
the most substantial difference comes from the fact that in these works, 
the logarithmic moment generating function (or the fractional logarithmic 
moment generating function) 

if (7) = logEexp{ 7 y(0)} 

exists. As a matter of fact, it is the logarithmic moment generating func- 
tion H (7) (or the fractional logarithmic moment generating function) that 
plays a decisive role in these publications in determining the asymptotics 
for 

logEoexpjtf^ V(B s )ds\ and 

logE ®E exp V(B s )ds\ (t -> 00) 

through some well-developed algorithms. Unfortunately, this is not our case. 
Indeed, we have that 

Additional challenges we confront are the local unboundedness of V(x), and 
the loss of monotonicity of Poisson integrals due to renormalization. 

The rest of the paper is organized as follows. In Section 3 we establish 
the large deviations for a group of Poisson integrals with respect to the con- 
tracted renormalized Poisson field. In Section 4, some explicit bounds for 
the Feynman-Kac formula are established for later application. The upper 
bounds and the lower bounds for our main theorems are proved in Sections 5 
and 6, respectively. These bounds are established simultaneously for Theo- 
rems 2.1 and 2.2. In Section 6, some identities for the relevant integrals and 
variations are established. 



3. Large deviations for Poisson integrals. The functions 

-0(A) = e~ A - 1 + A and ^(A) = e A -l-A (A > 0) 

appear frequently in this section. It is easy to see that tp(X) and ^f(X) are 
nonnegative, increasing and convex on [0,oo) with ip(0) = ^(0) = 0. In ad- 
dition, tfj(-) < *!'(•) on [0,oo). According to Lemma A.l, 

(3.1) / J^d^uPri 2 -^) 

\m p J d-p \ p J 

when d/2 <p < d. 
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The function ^(| • | p ) is not integrable on M. d . Under p > d/2, however, 

1 



J{\x\>c} \\X\ P J 



dx < oo, 



c>0. 



Throughout this section, D C M d is a fixed bounded open set. Write 
(3.2) Gd{D) = {g € W l ' 2 (D); \\g\\% [D) + \\\Vg^ D) = 1}, 

where W 1,2 (D) is the Sobolev space over D, defined to be the closure of 
the inner product space consisting of the infinitely differentiable functions 
compactly supported in D under the Sobolev norm 

\\g\\H = {\\g\\ 2 C 2 iD) + \\v g \\ 2 c2{D) } 1/2 . 

To reserve continuity we adopt a smooth truncation to the shape function. 
Let the smooth function q:M + — > [0,1] satisfy the following properties: 
a(A) = 1 on [0, 1], a(X) = for A > 3 and -1 < a'(A) < 0. 

For a > and e > 0, define 

1 
1 



-a{a~ l e^ 2+d ^l^ d ~^\x\), 
-a(o- 1 (loge~ 1 )" 1/p |s|) 



and 



L (0) (x) = _L {1 _ a{a -l £ (2+d-p)/(d(d-p))^ 

Li al(x) = ]4{1 - aCo^Goge- 1 )- 1 ^!*!)} 



and 



(3.3) 



G { :Ug) 



D 



Ki%-x)g 2 (y)dy 



(3.4) 

Write 
(3.5) Ce( 9 ) 



D 



L d %(y-x)g 2 (y)dy 



[ui(edx) — edx], 

g^Gd(D), 1 = 0,1, 
[iv(edx) — edx], 

g£G d (D), i = 0,l. 



g 2 (y) 



dy 



\uj(edx) - edx], g^Gd(D). 



Id \y-x\P 

The main theorems in this section are the large deviations for the Poisson 
integrals indexed by Gd{D). 
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Theorem 3.1. Assume that d/2 <p<d. For any a > and 7 > 0, 

(3.6) lim lim sup e 2 /^ log p{ sup \F$ (g)\ > 1£ ~^- p ^ d \ = -00, 

(3.7) lim inf lim inf e 2 /^ log p| inf G^Jg) < - 1£ -^-P)l d \ > -I D (<y), 

a->oo e ^o+ ^g&Gd(D) ' > 

(3.8) lim e 2 /^logP| inf Ug) < - 1£ - {2 - p)/d \ = -I D h), 
£->o+ ^geQdiD) > 

where 

, D(7) .(2fcrt) d/,J - ri Ur(^))-' /,J -' ) 

(3.9) V 7 \ \ P // 

( \-2d/(d-p) 

x sup \\g\\c?{D) 
\eg d (D) ' 

Write /(e) =e-( 2 -P)/ d logi, and 

(3.10) p* D = sup sup [ 9 ^ V \ v dy. 

g^g d (D)xm d JD \y - x \ p 

The finiteness of p* D can be seen from (A. 6) in Lemma A. 3 and from (A. 9). 
Theorem 3.2. Assume d/2 <p< min{2, d}. For any a > and 7 > 0, 

(3.11) lim -^logPj sup |F( 1 e )( 5 )|>7e- (2 - p)/d } = -oo, 

e^0+ l[S) l geg d {D) J 

(3.12) lim J-logP{ sup G^{g)> 1 e-^/ d \ = - 2 + d ~ P 1 , 
e ^o+ 1(e) v gag d {D) > dp D 

(3.13) lim-LlogP{ sup C £ {g)> 1 e-^l d \ = - 2 + d ~ P 1 . 
e-+o+t(e) l geg d (D) J dp D 

Write 

V%{x)= f LW(y-x)[u>(edy)-edy], xeD,i = 0,l. 

JM. d 

Our approach relies on the following lemma. 

Lemma 3.3. For any a > and 9 > 0, 

lim e 2 ^ d ~ p hogKexp\-6e^ 2+d ^ d ^ inf V?>(z)) 

(3.14) £ "° + 1 XeD 
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lim e 2 ^ d - p hogEexp\6e- p ( 2+d - p) /( d( - d - p » sup|F^(x)|) 

e->0+ I x& d ' ) 

(3.15) 



(3.16) lim — -^-logEexpjflflog- ) sup|^(ac)|l = 0. 
s^o+ 1(e) ( \ e J x€D ' J 

PROOF. Notice that for any a > 0, 9 > and x £ D, 

E e W {-9e- p( - 2+d - p y^ d - p Wf} (x)} 

= Eexp{-ee- p ( 2+d - p y^ d - p W { °l(0)} 



is [ v(^~ p(2+d " p)/w ^ p)) 4 ](x))^ 



exp 



Similarly, 

Eexp{^-^ 2+ ^)/^ d -f))F^(x)} 

In view of the fact that ip(-) < \I / (-) on [0, oo), we conclude that 
lim e 2 /( d ^) logEexp{-6e- p ( 2+d - p VW d - p W ( °i(x)} 

£->0+ 

(3.17) 

V N / 

lim e 2 /(^) logEexp{^-^ 2+d -f)/( d ( d -rt)|F^(x)|} 

£->0+ 

(3.18) 

A similar computation also leads to 
(3.19) lim — T logEexpj0(log- )|F^(x)|l = 0, xeD. 



>o+ /(e) 

All we need is to take supremum over x S D in the exponent on the left- 
hand sides of (3.17), (3.18) and (3.19) and push the supremum through the 
expectation. Due to similarity, we only carry out this algorithm to (3.17) 
and (3.18). 
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By the boundedness of D, we may assume that D = (-6, b) d for some 
b > 0. Let h > be a constant which will be later specified, and let 

2 + d-p 

7= — + h. 

a — p 

By integration substitution 

V®(x)=e-»" [ m{y-e- h l d x)[^ h dy)-e^ h dy] 



(3.20) 

= e -ph/dH e (e- h ' d x), 

where 

M(x) = ^-{l-a(a- 1 e^ d \x\)} 



and 



H £ {x)= [ L^\{z - x)[uj{e l+h dz) - e 1+h dz}. 
For any x,y £ D with x ^ y, and 9 > 0, 

I J 

= expje^ £ * (V^^^(Zi°)(z - *) - L®{z - y))j dz} . 

Switching x and y, one has 

Eexp/fe-^W-^"} 

< 2exp| e 1+ ^ £ * (V^_A_|^) (z - x) - Zi°)(z - y)\j dz}. 
By integration substitution, 

f * ( £ -v~</d^_\im {z _ x) _ Z(°)( Z - y)\) dz 
V \x-y\ ) 

= e~~> [ ^(^—\L a {z-e^ d x)-L a {z-e^ d y)\]dz, 
J Rd \\x-y\ J 

where 

L a (z) = 

By the mean value theorem, there is a C a > such that when e > is 
sufficiently small, 

\L a (z - e^ d x) - L a (z - e^ d y)\ < c f ^ ~ yl l { | z |> c -i } , x,y £ D. 
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Summarizing what we have, 

E«Jte-~/'l g 'W-W 
I \x-y\ ) 

<2exp( £ - 2 /^) I ufW^dz 



r ■/{i*i>o - 1 } v M p y 



2exp<^ E nv-*l\<^) / $ ff (l Z 

I ./{la^csrWMp)} V M p 



Let h > satisfy that 



, 3p-d-2 7 2 

/i > or - - > 0. 

a — p p a — p 



Then for any 9 > the quantity 

r _ P7/d |g £ (x)-ff £ (^)| | 

sup Eexp< »e : : > 

x,yeD { \X-y\ J 

x^y 

is bounded uniformly for small e > 0. Thus ([8], Theorem D-6), for any 9 > 0, 

(3.21) lim limsupEexp{0e- p7/d sup \H £ (x) - H e (y)\\ = 1. 
<5^o+ e ^ + 1 k-y|<<5 J 

On the other hand, for any iGK"* and 9 > 0, 

Eexp{±6>£- p7/d tf e (x)} = Eexp{±#£- p7/a! # e (0)} 

= E exp{ ±e e -p(2+d- P )/(d(d-p))y(0) ^ 

where the last step follows from (3.20). By (3.17) and (3.18), therefore, for 
any x € D 



lim e 2 /( d -P)logEexp{-^-^/ d F £ (x)}= [ Jd 1 ° ( ° ^ ) 

7 Rd v \y\ p ) 

lim e 2 /( d - p )logEexp{fc-^|^ £ (x)|}= f *( e ^—^^M ] 



Combine them with (3.21). A standard argument of exponential approxima- 
tion leads to 

lim e^^logEexpl-fle-^ inf H e (x)\ 

(3.22) 

V \x\ p J 
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lim e 2/{d - p) logEexpjfle-P^sup \H £ (x)\\ 

e^0+ I ccgD J 

(3.23) 

" «(» 1 -y*l>) <fa . 

Recall that D = (-b,b) d . Using (3.20), 

-inj :W{x) = -e-^ d inf H E (x) 

< £ -ph/d max f_ inf # £ ( x )\ 
ze&Z d ne-' l / d D I- x£z+D ) 

By the fact that the random variables 

inf HJx); z G 6Z d n e~ h/d D, 
x&z+D v ; 

are identically distributed, 

Eexp{-9e-^ 2+d -^/^ d -^ inf 

< #{6Z d ne- /l/d D}Eexp{-0e-^/ ,i inf F e (a;)). 
Consequently from (3.22), 



limsupe 2 /( d - p) logEexp{-^- p ( 2+d - p )/(^ d - p » inf V^(a;)} 

In view of (3.17), we have proved (3.14). 

Assertion (3.15) follows from (3.18) and (3.23) in the same way. □ 

3.1. Proof of Theorem 3.1. Let 6 > be fixed but arbitrary. By (3.15) 
and the inequality 

sup |-F O)£ (s0|< sup / \V^ £ (x)\g 2 (x)dx 
9&Gd(D) g eg d (D)JD 

< sup \\g\\c2 {D) sup|V ae (s)|, 
x ge5 d (D) ' xeD 



we have 



limsupe^^logEexplee-P^-P)/^-^) sup \F^(g)\\ 

</ * ( sup g CHD) )e ±—UL)dx. 

JH d \ K geg d (D) ' J \x\ p J 
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Consequently, 



lim limsupe 2/{d - p hogEexp{9e- pi2+d - p)/idid - p)) sup \F^{g)\}=0. 
a ^°° e^o+ L geg d (D) ' ] 

Therefore, (3.6) follows from a standard application of Chebyshev's inequal- 
ity. 

We now prove (3.8). For any g £ Gd(D), 
E exp{ -0 £ -p(2+d-p)/(d(d- P )) 



= exp e 
Given 5 > 0, 



J e£ - p{ 2+d-p)/{d{d- P )) f _}_ 2, )d \ dx 

V JD\y-A p J 



d \y-x\ p 



I ij(ee~ p{ - 

jR d \ 

> f J 9e -pV+d-p)/{d{d- P )) f _}_ g 2f y)dy \ dx 

J{\x\>5s-V+d-p)/{d{d-p))\ V JdW- X\ P J 



{|x|>5e-( 2 + d -P)/( d ( d -P»} 
{\x\>6e-( 2 + d -P)/( d ( d -p))} 



J £ -PV+d-p)/(d(d- P )) (1 + 0(1)) || g ||2 2/r 



^ W9\\cHD) 

= (i + (i))^|| ff ||^ D)£ -( 2 +^)/(^) / ^(tV)^ 
v ; i{|x|>(i+o(i))5} \Fr/ 

( e ^o+). 

Since 5 can be arbitrarily small, we have 

limmfe 2 /( d - p hogEexp(-6£- p ( 2+d - p VW d - p » inf Ug)\ 

(3.24) ^^(^IMI-^))^!^^)^ 

\eg d (D) ' J d-p \ p 

where the last step follows from (3.1). 

On the other hand, for any g 6 Gd{D) and a > 0, 

(3-25) ( £ (g) = G d %) + F^(g). 

Notice that 



G d %) > -e 



K d °}{y-x)g 2 {y)dy 

= -49\\ 2 C 2, D) / K d °}{x)dx 
> -Ca d - p e-^- p)/d . 



r/.r 
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Consequently, 

\imsup£ 2 /( d - p hogEexp{-0e- p( - 2+d - p V( d ( d - p » inf Ug)\ 
£ ^o+ 1 a&5 d (D) > 

(3.26) < C6a d ~ p 

+ limsupe 2/(d - p) logEexp|-^- p ( 2+d - p )/^ d - p » inf F<®(g)\ 
s-,0+ 1 g&5 d (D) ' ) 

To deal with the right-hand side, notice that 

F^(9)= [ V { V(x)g 2 (x)dx>\\g\\ 2 c2{D) MV^(x). 
Jd x&d 

Hence, 

inf F®(g)= inf I V^ e (x)g 2 {x)dx>( sup \\gf CHD) ) inf V®(x) 
when mi X £E) V^\{x) < 0, and 



96& 



when inf^gD fJ^x) > 0. Thus, 



exp{-^-^ 2 +^)/W d -P» inf 



< E 



ex P {-fe-K 2 +^)/«^)) sup || 5 || 2 2{D) inf V^(x)}; 



miV^(x)<0 



+ E 



Pxr J -f) F -p(?+d-P)/(d(d-p)) ■ r II ||2 inf F (0) ^'Tl]•• 



inf ^(x)>0 



<Eexp{-^ p ( 2+ ^ p )/W d - p » sup || 9 || 2 2fD) inf 



+ Eexpf-^ 2+d -rt/^-^ inf || 5 || 2 2fD , inf F^(x)}. 

By (3.14) with 9 being replaced by 

SU P llsl&p) and Jbll£2 (D) , 
g&G d {D) g&Gd(D) y ' 
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respectively, 



limsupe 2/id - p hogEexp\-9e- pi2+d - p)/[did - p)) inf 
f , (6{l-a(a- l \x\)) ll2 \ , 



geg d (D) 



~ I ' Mm^ SUP \\9\\ 2 C 2 (D) )dx 
Jm d \m p g eg d (D) V 

= 6 d / p ( sup \\gfr2 (D X d,P ! Jj^Adx 
fld/p/ II || \2^/p L^p ( 2p-d \ 

= 9 /p [ sup 5 £2 (£)) ) r . 

Bringing this to (3.26), 

limsupe 2 /^logEexp(-0£- p ( 2+d - p )/W d -^) inf Ug)\ 
e^o+ 1 geg d (D) ) 

K geG d (D) } > d-p V P / 

Letting a — )• + on the right-hand side leads to 

limsupe 2/(d - p) logEexp|-^- p ( 2+d - p )/(^ d - p » inf Ce(g)\ 
£ ->o+ 1 g&g d (D) > 

(3.27) 

<eH sup llaiu^r /p ^rf^ 



sup \\g\\&{D) ) -, — 1 i - 

geQ d (D) J d-p \ p 

The combination of (3.24) and (3.27) implies ([8], Theorem 1.2.4) that 

lim e 2/(d - p) \ogF\ inf Ug) < -l£~ {2 ~ p)/d \ 

J n nd/pf || || \ 2d / p "dP r f 2p-d \\ 

= -supi-fO- 9 /p [ sup \\g \\ C 2 {D) ) - — r \\ 

0>ol \eg d (D) J d-p \ p J ) 

= -I D {l). 

It remains to prove (3.7). By (3.25), for any 6 > 0, 
inf Cs(g)<-(7 + S)e-^ d } 

<P{ inf G^(g) < - 1£ -( 2 - p y d } 
tgeg d (D) > 

+ P{ sup \F^(g)\>5e^ p y d \. 
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Applying (3.8) on the left-hand side, 

-Id(7 + 6) < maxlliminf e 2/(d - p) logPl inf G^Ug) < -je- {2 - p)/d \ 

L e^0+ *-9£9d(D) 
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limsupe 2/(d - p) logP( sup | i^ ,? (fir) | > fc" ( 2 ~P)/ d ) ) . 

e^0+ V 9&Q d (D) ' J J 



Let a— > oo on the right-hand side. By (3.6), 
liminf liminf e 2/(d - p) logpf inf G^l(g) < -je- {2 - p)/d \ > -I D (l + S )- 



a— >oo e~ >CH 



965 d (D) 



Letting 5 — > + on the right-hand side leads to (3.7). 

3.2. Proof of Theorem 3.2. Based on (3.16), assertion (3.11) follows from 
the same argument used in (3.6). 
By the decomposition 



D 



K^(y-x)g 2 (y)dy 



Ki]}(y-x)g 2 (y)dy 
by the uniform [over g S Q^(D)\ bound 



u(edx) 
dx, 



D 



Ki%-x)g 2 (y)dy 



dx 



D 



g 2 (y)dy) / K^(x)dx 



i \ ( d ~p)/p 
log-j 



and by (3.11), all we need is to establish that 



(3.28) lim-LlogPf sup r, a>£ (g) > 1 E-^' d \ = - ?±jL P 



where 



>o+ 1(e) 



dp 



7, 



D 



I) 



K£}(y-x)g 2 (y)dy 



u)(edx). 



Since K^}(y — x) = as \y — x\ > 3a(loge 1 ) 1 ^ p , x is limited to a ball 
with the center and the radius C(loge~ 1 ) 1 / p when y G D. Consequently, 

( \< f r r 9 2 {y) 

sup r) a ^(g) < sup / 
geg d (D) Q&Gd(D)JU. 



(3.29) 



g&Qd{D)J{\x\<C(\oge- 1 ) 1 /P} 

< p* D u{\x\ < Ce^Q.oge- 1 ) 1 ^} 



D\y~ x \ 



dy 



oo(edx) 
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where Z £ = uj{\x\ < Ce 1 / d (log£- 1 ) 1 ^} is a Poisson random variable with 

^Z £ = u d C d e{\oge- l ) d ' p . 

For any 6 > 



Eexp<| 9[ log - )Z £ \ =exp{u; d C d e{loge- 1 ) d/p (e 9lose ~ 1 - 1)}. 



Consequently, 



1 



lim — — log E exp< 6 log - Z { 
->o+ 1(e) 



1 



< 



2 + d-p 



d 



A standard application of Chebyshev's inequality gives 



i imsup -Lio g p{z e > 7e ( 2 -p)/ d } < - 2 + d p 



1(e) 



d 



for every 7 > 0. Thus, the upper bound of (3.28) follows from (3.29). 

On the other hand, let xq £ K rf be fixed but arbitrary, and write oj xo (e dx) 
uj(e(xQ + dx)). Given 5 > and A > 1, by variable shifting 



sup rj a>£ (g) 



sup 



D 



K a]}(y- x o-x)g 2 (y)dy 



oj xo (e dx) 



> sup 

9&Gd(D) J{\x\<5} 



K a)(y ~ x o ~ x)g 2 (y) dy 



D 



u XQ (e dx) 



1 



> sup 

yg&g d (D)JD (\y-x \ + 5)p 

x lo{\x + x \ <e 1/d 5} 



g 2 (y) 

sup / - : 

g eg d (D)JD {\y-x \+S)P 



a{a~ l (log e^r 1/p (\y - x \ + 5))g\y) dy 



dy )u{\x\ <e 1/d 5} 



as e is sufficiently small. 

Write Z £ = u{\x\ < e 1 ' d 5} and k(e) = [ 7 g-( 2 -P)/ d ] + 1. 



¥{Z £ > 7 e 



-(2-p)/d 



} > P{Z £ = k(e)} = e 



_^ £Sd (u d e5 d ) k ^ 



k(e)l 



By Stirling's formula, one can show that for any 7 > 0, 



liminf _Llo g P{Z £ > 7e -(2-P)/ rf } > _ 2 + d "P 7> o. 

£->oo 1(e) d 
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Replacing 7 by 



v g eg d (D)JD {\y-x \+5)P 



we have 



liminf — logPj S up >7£~ (2 ~ p)/d | 
™ /(e) ^eo d (D) 



f g 2 (y) , \ 1 
d V 9 eg d (D) (|y- xo\ +o)p ) 

Letting 5 — > + and taking xq S ffi rf on the right-hand side lead to the lower 
bound of (3.28). 

4. Bridging to the eigenvalue problem. Throughout this section, let DcW 1 
be a bounded open domain, and let 

(4.1) F d {D) = Le W^ 2 (D);J D g 2 (x)dx = 1 j. 

Given a measurable function on R d , we introduce the notation 

A e ( J D)= sup {/ t{ x )g 2 (x)dx-\ [ \Vg(x)\ 2 dx\. 
geT d {D) Ud 1 JD ) 

Clearly, \$(D) < A r? (D) whenever £(x) < r)(x) (x £ D). 
Write 

T D = mf{s>0;B s <£D}. 
It is well known that by the Feynman-Kac formula, 



Er 



expj^ £(B s )dsX;T D >t 



exp{t\^(D)} (i->-oo) 



in some proper sense. For the applications to our setting, some more explicit 
bounds are needed. This is our objective in this section. 

Lemma 4.1. The inequality 

(4.2) J K x expjY £(B s )ds\;T D >t dx < \D\ exp{tA 5 (D)} 

holds regardless whether X^(D) is finite or infinite. 

Proof. The argument in the case when £(x) < N for some constant 
N > is classic (see the treatment given e.g., in [8], Section 4.1): A standard 
argument through a spectral theory [the boundedness of £(•) guarantees the 
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boundedness of the underlined linear operators in the argument] gives that 
for any g G W 1 ' 2 (D) 



dx < \\g\\ 2 C 2(D) exp{tA ? (£>)}. 



Jj(x)E x expj^ Z(B s )\g(B t );T D >t 



In particular, let g n E W 1,2 {D) be a monotonic sequence such that < 
9n{x) < 1 and g n (x) f 1 (n — > oo) for every x £ D. Then 



D 



9n{x)E x 



expj^ ^( J B s )| 5n (^);r i3 >t 



dx< \D\exp{tX^(D)}, 
n = 1,2, 



Letting n-foo on the left-hand side, the desired bound follows from mono- 
tonic convergence. 

To remove the boundedness assumption, we write £n(x) = min{£(x), N}. 
By what has been proved, 

dx < \D\ exp{t\ iN (D)} <\D\ exp{t\^(D)}. 



J E x ex p|y ^N(B s )ds\;T D >t 



The conclusion follows from monotonic convergence again as we let N — > oo 
on the left-hand side. □ 

Lemma 4.2. For any a, /3 > 1 satisfying oT x + /3~ 1 = 1 and \^/ a ^{D) < 
oo [in this case X a -i^(D) < oo] and < <5 < t 



J^E X expj^ £(B s )ds\;T D >t 



dx 



(4.3) 



> (2-K) ad l 2 5 d l 2 t ad /^\D\~ 2a/l3 

x exp{-5(a//3)A (/3/Q)5 (D)} exp{a(i + 5)X a - H (D)}. 



Proof. We only need to show that 

J^E X exp^ £(B s )ds\;T D >t 



dx 



(4.4) 



> ( 2 Tr) ad / 2 5 d/2 t ad/{2 P ] \D\~ a /P exp{a(t + 5)X a - H {D)} 



E, 



D 



cxp 



{-/' 



d.r 



as, by Lemma 4.1, 



<ix < |D| exp{-5(a//3)A (/3/a)5 (L>)}. 
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We first consider the case when £(x) is Holder continuous. By the Feynman- 
Kac representation, 

ft 



u(t, x) = E a 



cxp 



Jo 



ds >;td >t 



solves the initial-boundary value problem 

d t u(t,x) = ±Au(t,x) + £(x)u(t,x), (t,x) G (0,t) x D, 
u(0, x) = 1, x £ D, 

u(t,x) = Q, (t, x) G (0, oo) x dD. 

Let Ai > A2 > A3 > • • • be the eigenvalues of the operator (1/2) A + £ 
in C 2 (D) with zero boundary condition and initial value 1 in D, and let 
efc G £ 2 (D) be an orthonormal basis corresponding to {A^}. By (2.31) in [17], 



E, 



expj^ e(^)^|^(^);rD>t =Xj« 



e tXk e 2 k {x) >e tM e({x). 



t\i Jit 



Noticing the fact that Ai = Ag(D) and integrating both sides we have 



dx >exp{tA 5 (£>)}. 



^E x expjjf £(B 8 )dsWj3t);TD>t 



Replace £ by a 1 £ t and i by t + (5. By Holder's inequality, 
exp{(£ + «5)A Q -i € (L>)} 

<jf E x expjcT 1 ^ e(5 s )ds|4(B t+(5 );T D >t + (5 

( r r r /"' +<5 

< 



r/.r 

V/3 



|^E X expUfi/a) J £(B s )ds\;r D >t + 5 dx\ 



l/a 



Notice that 



E, 



expj^ t(B s )dsj5x(B t+5 );T D >t + S 

expjy £(B s )ds\s x (B t+5 );T D >t 
expjy £(B s )ds\ps(B t -x);T D >t 



< E. 
= E 



where 



ps(y) 



(27T5) d / 2 



exp 



< 



25 J " (2vn5) d / 2 
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In addition, 



j^E x expj(/3/a)^ £(B a ) dsX; r D > t + 5 

< j^x exp|(/3/a)^ + ^(B s )ds\;B t eD,r , D >t + 6 
= Id J D P^y- x ^y( ex A^/ a ^ I Z( B s)ds};T D >5^dy 



dx 



< 



(2^W |Z)| L Ey h p { {p/a) Si m) ds \ TD - s 



dy, 



where 

T' D =m{{s>t;B s <£D}. 

Summarizing our argument, we have established the bound (4.4). 
We now move to the case when £(x) > — N for some N > 0. For any 
Holder-continuous rj(x) on D with rj(x) < a.e. on D, 

r-t 



J^E X expj^ £(B s )ds\;T D >t 



dx 



> (27r) ad / 2 5 d / 2 t ad / ( - 2 ^\D\- a ^ exp{a(t + 5)X a -iJD)} 



E x 



i) 



exp<^ - / 
I « Jo 



7](B s )ds >;t d > 5 



dx 



-a/0 



> (2ir) ad / 2 5 d / 2 t ad /^\D\~ a ^ exp{a(t + 5)\ a -iJD)} 



E, 



D 



exp 



l<xJo 



Z(B s )ds}-T D >5 



<l,r 



-a/13 



Let 



= {tj(-);t](x) is Holder continuous on D and r](x) < a.e. on L>}. 

Since £(•) > — N, Hp ^ 4>. Further, by standard approximation theory, 
is rich enough to approximate £. More precisely, the desired bound follows 
from 

1 



sup X a -i v (D) = sup < a 1 sup / 



K-h(d). 



rj(x)g (x) dx 



\Vg(x)\ z dx 



i) 



To remove the boundedness assumption, we write £jv(x) = £(x) V (-N). 
We have 

r-t 

dx 



J^E X expj^ tN(B a )da\;T D >t 
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> (2ir) ad / 2 5 d/2 t ad /^\D\~ a ^ exp{a(t + 5)\ a - HN (D)} 



dx 



-a/0 



Noticing X a -i^ N (D) > X a -i^(D) and letting N — > oo, the monotonic conver- 
gence theorem leads to (4.4). □ 



Lemma 4.3. Let < S < t, and assume G D. 



E 



(4.5) 



expj^ i{B s )ds\]TD>t 
< (^Eoexpj/?^ i{B s )ds 



VP 



1 {2n5)W J D 
On the other hand, 

E expj^ £(B s )ds 



exp 



£(B s )ds};T D >t-5 



dx 



l/a 



> (M exd-^j\(B s )dsY\ 



(4.6) 

x !j^p s (x% 
where ps(x) is the density of B$. 

Proof. By Holder's inequality, 
E 



-a/0 



£(B s )ds};T D >t-5 



dx 



expjy^ €(B s )ds\;T D >t 
< ^E expj/^ £(B a )ds 



V/3 



En 



exp 



£{B s )ds\-T D >t 



l/a 



Write t' d = inf{s > 5;B S ^ D}. Claim (4.5) follows from the following 
procedure via Markov property: 



En 



exp 
<E 



H 



£(B s )dsj;T D >t 
expja^ {(B s )ds\;B 5 eD,T' D >t 
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D 



< 



1 



(27T<5) d / 2 

On the other hand, 



exp 
E 



H 
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t-S 



D 



exp 



C(B s )ds};T D >t-5 
t-S 



dx 



^(B s )ds};T D >t-5 



dx. 



expja" 1 ^ S(B a )ds\;BseDS D >t 



Z{B a )ds 



exp|— a 1 J £{B S ) dsj exp 

< U exp{-^J Z(B s )dsX) ' |E exp|^ £(B s )ds 
Thus, (4.6) follows from Markov property which claims that 



l/a 



Er 



expla- 1 Z(B s )ds};B 5 £D,T' D >t 



J ps(x)E x expjoT 1 ^ £(B a ) ds|;rD > t - 8 



dx. 



□ 



5. Upper bounds. In this section we establish the upper bounds for The- 
orems 2.1 and 2.2. More precisely, we prove that 

limsupt _1 (logfr (<i - p)/d 

t-»oo 

(5-1) 

x logE exp j-6>^ V(B s )ds\ <A (6) a.s.-P 
when d/2 < p < d, and 

-(- 

t->oo t\ logt 

(5.2) 

x logE exp|6» / 
when d/2 < p < min{2, d}, where 



1 /loglog^ 2/(2 - p) 
hm sup — f 



(5.4) A 1 (9) = ipP/(2-P)(2 - p)(^)/( 2 -f) f ^^'P) 



V2+d-p 



2/(2-p) 
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The following notation will be used in this and the next sections. For any 
R>0, Q R = (-R,R) d . 



(5.5) 



(logt)( d -p)/( 2d ), 
log log t 



V(2-P) 



for the proof of (5.1), 
for the proof of (5.2). 



Write R k = R k {t) = (Mth t ) k (k = 1,2,.. .) where the constant M > is 
fixed but sufficiently large. Write £(x) = —V(x) in the proof of (5.1) and 
= V(x) in the proof of (5.2). 
Finally we recall that for any open domain D CW 1 containing 0, 

td = inf{s >0;B S ^ D}. 

Consider the decomposition 



E expj#^ £(B 8 )ds 

= E expjfljf Z(B s )ds\;T QRi >t 



(5.6) 



expj^^ £(B s )ds\;TQ Ri >t 



+E( p {^ fc <n) 1 



/2 



fe=l 



x <^ E 



A) 



exp I 29 / £{B B )d8y,TQ >t 



1/2 



The well-known result on the Gaussian tail gives that 

(P{r QRk < t}) 1 / 2 < exp{-cR 2 k /t} = exp{-cM 2 t 2k ~ l h 2k }. 

Let a, {3 > 1 satisfy a -1 + = 1 with a close to 1. By (4.5) (with 6 = 1) 
and Lemma 4.1, 



En 



expjfl^ e(S a )daJ;r gjll >t 



< 



(2-ir) d / c 



Eq exp 



V/3 
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dx¥, 7 



< 

Similarly, 



d/a 



plop j\(B s )ds 



1/a 



exp{(i - l)\8at(QRi)}- 



E, 



exp 



< 



Eq exp 



\ 7r y 

Summarizing our estimates since (5.6), 



V/3 

£(5 a )dsH exp{(t-l)X 2da ^Q Rk+1 )}. 



E expj#^ ^(B a )ds 



< 



(5.7) 



d/a 



Eq exp 



+ E 



i exp^29(3^ 



C(B s )ds 

1/2/3 



V/3 



exp{iA Q05 ((5i tl )} 



E 

fc=i 



£{B.)d8 

d/2a 



exp{-cM 2 t 2k - L hf}exp\ -\ 2a ei{Q R k+1 , 



To prove (5.1) and (5.2), therefore, all we need is to show that for any 
9>0, 

A o (0), for the proof of (5.1), 
Ai(6»), for the proof of (5.2). 



lim K 2 \et(Q t )<A{6) 

i— >-oo 



(5.8 



a.s.- 



Indeed, we apply (5.8) to the first term on the right-hand side of (5.7) 
(with t being replaced by R\ = Mth t and 9 being replaced by a9). Notice 
that a can be arbitrarily close to 1. This term alone does not exceed the 
limit set in (5.1) and (5.2) if we let a — > 1 + after the limit for t. To control 
the infinite series on the right-hand side of (5.7), we apply (5.8) to each 
term with t being replaced by Rk+i = (Mtht) k+1 and with 9 being replaced 
by 2a9. In this way, the series is dominated by 

d/a 



E 

k=l 



( Rk- 



V 7r 



exp{-c't 2k - 2 hf} = O(l) a.s.-P (t oo), 



where d > is a constant. Here we point out that to control the first term 
of the series in (5.7), M > is required to be sufficiently large. 
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Let S > be a small number, and write 

h t = hu 



. 1 + 5 
Define 

&(x) = ±9fi p t - 2 [ - — 1 -—[u}(h^ d dx) - h7 d dx], 

jR<i \y - x\p 

where "— " corresponds to the proof of (5.1) and "+" corresponds to the 
proof of (5.2). 

Under the substitution 

g(x) h-> h d/2 g(xh t ), 

we have that 



^(Qt) = h 2 sup < it{x)g 2 (x)dx 
geT d {Q t - ht ) UQ th 



\ [ \Vg(x)\ 2 dx). 

2 J QtH t J 



Let r > 2 be large but fixed. By Proposition 1 in [16], or by Lemma 4.6 
in [17], there is a nonnegative and continuous function <E>(x) on R d whose 
support is contained in the 1-neighborhood of the grid 2rZ d , such that 

\£ t -<f,y{Q t - ht ) < max \{ t (z + Q r+ i), y^Q r , 



z£2r"L , <^ 2tht+2r 

where <3? y (x) = <&(x + y). In addition, $(x) is periodic with period 2r 

$(x + 2rz) = $(x); xeR d ,z£Z d , 
and there is a constant K > independent of r and i such that 

K 



$(x) dx < 

r 



By periodicity 
sup 



sup {/ £ t (x)g 2 (x)dx- - [ |Vsr(x)| 2 dxl 
WtkJ u Qth t 2 J Q t - ht > 

-H^¥ + sup s\L (^ (x) "727y/ ^(^Vo*)** 



|V5(x)| 2 (ix 



r(2rj (2rj Jq t g eT d (Q tht ) UQ iht 

~ g / |Vg(x)| 2 dx| 
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K 1 



+ Wy i So X ^ v( - Q th t ) d y 



r(2r) d (2r) d J Q 
K 

< , j,, + max Xf.(z + Q r +i). 

Summarizing our estimates 

Agg(Qt) < nd K d+1 + max A 5t (z + Q r+ i)l. 

Take r > sufficiently large so that the first term on the right-hand side is 
less than j^h 2 . We have that 

(5.9) F{\ e e(Qt) > uh 2 t } < p{ max \, t (z + Q r+1 ) > l\. 

By shifting invariance of the Poisson field, the random variables 
Afcfc + Qr+i); ze2rZ d r\Q 2t - ht+2r , 
are identically distributed. Consequently, there is C > 

P( max X, t (z + Q r+1 ) > l\ 

(5.10) <C(t/i t ) d P{A 5t (Qr+i)>l} 

= C(^) d p{ sup I i t {x)g 2 {x)dx>lX, 

where Gd(Qr+i) is defined in (3.2) and the last step follows from Lemma A. 2. 

We now reach the point of applying Theorems 3.1 and 3.2. In connection 
with (5.1), 



sup / £t(x)g {x)dx 

9&Gd{Qr + l) J Qr + 1 



-9~h p - 2 inf f 



lr+ i \y- x \ p 

Taking e = h^ d and 7 = 6*" 1 in (3.8) leads to 



' u(ht d dx) - ht d dx]. 



lim logpj sup / ^t{x)g 2 (x) dx > 1 1 

t-+oc log t Vg&g d {Q r+1 )JQ r+1 J 



•9&Gd{Qr + l) J Qr+1 
d/(d-p) 

(5.11) — fiTtf) /Q - l(rl) 



. u{d-p)\ d/{d - p) ( T ,/2p-d^^~ p/(c^ - p) 
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where the rate function lQ r+1 (-) is defined in (3.9), and the last step follows 
from the obvious fact that 

sup \\g\\cHQ r+1 ) < I- 

Take u = (1 + 2<5)A(0). By (5.9), (5.10) and (5.11), there is a v > such 
that 

h d 

(5.12) F{\et(Qt) > (1 + 25)A(6)h 2 t } < C(th t ) d exp{(d + u) logt} = C-± 

for sufficiently large t. 

We now establish (5.12) for the proof of (5.2). In this case 



sup / £t(x)g {x)dx 

9&Gd(Qr + l) JQr + 1 

= eh p t ~ 2 sup f \f 

g£Gd(Qr+i)J^ d UC 



' [u(ht d dx)- ht d dx\. 



9 2 {V) , 
dy 



Taking e = h^ d and 7 = O^ 1 in (3.13), 

lim — — logpj sup / ^t{x)g 2 (x) dx > 1 1 
^oologt {geg d (Q r+1 )JQ r+ i 

(2-p)/2 



1 + ^y 0(2 -P)^' 

where Pq t+1 is defined as the second variation in (3.10) with D = Q r +i- 
Write 



(5.13) Q d = g d (R d ) = lge W 1 ' 2 ^); y| 2 + -||Vff||l = 1 

p(d,p) = sup / ^rj^-dy and 
q&g d J^ d \y\ p 



(5.14) 



p (u,p) = sup sup / 1 — ay. 



g£Qdxm d JM. d \y — x\ p 

Clearly p* Qr+1 <p*(d,p). By (A.9), p*(d,p) = p(d,p). 
By (A. 7) in Lemma A. 2, therefore, 

lim- logpi sup / £t( x )g 2 { x ) dx > 1 1 

t^oologt {g€g d (Qr+i)JQr+i J 

(5.15) 

~ P { P) + 9a(d,p)- 

Again, (5.12) [in the context of (5.2)] follows forms (5.9), (5.10) and (5.15). 
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For any 7 > 1, (5.12) implies that 

^P{A ef (Q 7fc ) > (A(0) + S)h^} < 00. 

k 

By the Borel-Cantelli lemma, 

limsuph - fc 2 A^(Q 7 fe) < (1 + 25)k{6) a.s. 

k— >oo ^ 

Since Xe^(Qt) 1S monotonic in t and 5 > can be arbitrarily small, we have 
proved (5.8). 

6. Lower bounds. In this section we prove that 

liminf^ 1 (logt)^ (ci - p)/d logEoexp(-^ f V{B S ) dsX > A o (0) 

(6.1) 

when d/2 <p < d and 



a.s.- 



1 /log log t 
lim 1111 — 



(6.2) 



t-s-oo f V logi 



2/(2-p) 



logE exp^ / F(S s )ds ^ > Ai(0) 



a.s. -11 



when d/2 < p < min{2, d}; where Aq(8) and Ai(0) are given in (5.3) and (5.4), 
respectively. 

Let ht be defined in (5.5), and write £(x) = —V{x) in connection with the 
proof of (6.1) and £(x) = V(x) in connection with the proof of (6.2). Let 
< q < 1 be fixed but close to 1. Let a, /3 > 1 satisfy a -1 + /3 _1 = 1 with a 
being close to 1. By (4.6) in Lemma 4.3, 

ft 



E expj#^ £(B s )ds 



> ( E exp<| — J £{B s )ds 



-a/13 



X <^ / p t i(x)E x 



exp 



t(B s )\;T Qtq >t-t« 



dx 



(6.3) > 



-ci« 



(2TTtl) ad / 2 



E exp<^ — ^ / £(5 s )a!s 



a 



-a/p 



exp< a 



>e 



-c\ti 



Qti 
Eq exp 



t-f 



9(3 



t(B s )};T Qtq >t-t« 

-a/0 



dx 



Z(B s )ds 

a Jo 



x exp{-(ayp)t q \ Wa 2 )e t(Qt<,) + aH\ a -2 ei {Q tq )}[-2pt] 
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for large t, where the last step follows from Lemma 4.2 (with 5 = t q and t 
being replaced by t — t q ), and the positive constant c\ is made to be larger 
than c for absorbing all bounded-by-polynomial quantities including those 
appearing on the right-hand side of (4.3). 
By (5.1), (5.2) and (5.8) 

logE expj-^^ i(B s )ds\^=o(t) and 

\/3/a 2 )et{Qt<i) = 0{h 2 t ) a.s. 
as t — > oo. Therefore, all we need is to show that 
(6.4) liminf/i7 2 A £(Qt) > A(0) a.s. 

t— >oo 

for every 9 > 0, where A(9) is given in (5.8). Indeed, applying (6.4) to (6.3) 
with 9 being replaced by a~ 2 9 leads to 



lim inf t~ 1 h^ 2 log E exple J £(B s )ds\ > a 2 k{a~ 2 9) 



a.s. 



Letting a — > 1 + , the right-hand side tends to A(0). In addition, h t q = g( d_ P)/( M )/i t 
when applied to (6.1) and ht<i ~ q l ^ 2 ~ p ^ht when applied to (6.2). Therefore, 
with probability 1, 

<■/ 



liminf^/i^logEoexp/fl f £(B s )ds 



> 



j(d-p)/d Ao ^ ( when applied to (6. 1 ) , 
q^^Aiie), when applied to (6.2). 

Letting q— > 1~ on the right-hand side leads to (6.1) and (6.2). 

We now prove (6.4). Let u > be fixed but arbitrary. Write ht = \fuht 
and 

r, t (x) = ±ek p - 2 [ —L—[ u (fa*dy) - K d dx], 
Jm d W — x r 

where "— " is for the proof of (6.1) and "+" is for the proof of (6.2). Under 
the substitution g(x) i— >■ h d ^ 2 g(htx), 

'V(Qt) = h 2 \rrt{Q t h t )- 

Consequently, 

P{A^(Q t )<^} = P{A ??t (Q^)<l} 

'3.5) 

sup / r]t{x)g 2 (x) dx < 1 



<geS d (Q tht ) 

where the last step follows from Lemma A. 2. 
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Let s > 2+ d d L p p and r > be fixed. When t is large, z + Q r C Q t ^ for each 



2 e h s t 7L d n Q t ' ht _ r - Hence, 



sup 



ij t (x)g 2 (x) dx 



sup / rj t {x)g\x)dx, z e h s t Z d CiQ tht _ r . 

9&Gd(z + Qr) • m 



Thus 



(0.6) sup /„<«),><«)*> max 



sup 



/ r] t {x)g 2 (x)dx. 



Let the smooth function a(-): HL + — )• [0, 1] be given as in Section 3. Given 
a > 0, write 



K t , a (x) = < 



' a{a- 1 {ht) i:2+d - p)l{ - d - p) \x\) 
\x\p 

aia-^dloght^Plxl) 
\x\p ~' 



and 



xP 



l-a(a~ 1 ((ilog M Vp M) 



hi' ■ 



when applied to (6.1), 
when applied to (6.2), 

when applied to (6.1), 
when applied to (6.2). 



By the equality 

r] t (x)g 2 (x)dx 

+ (±0)%- 



Z + Q r 



K a ,t{y-x)g 2 (y)dy 



[uj(ht d dx)-ht d dx] 



L a ,t(y-x)g 2 (y)dy 



Z + Qr 



[u(ht d dx)-ht d dx} 



8h p - 2 (A z (g) + B z (g)) (say) 



and by triangular inequality, the right-hand side of (6.6) is no less than 

h p 2 \ max sup A z (g) — max sup |J3 Z (<7)|>. 

tzeh° t Z*nQ ht _ rg£ g d{z+ Q r ) z£hlZinQ ht _ rg£ g d{z+Qr) J 



In addition, the random variables 



sup \B z (g)\; z G h s t Z d n Q th , 
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are identically distributed. Therefore, for any 5 > 0, 



max sup \B z (g)\>59 1 h t p > 

z£hlZinQ t - ht _ rg& g d{z+ Q r) 



< 



#{htZ d nQ tht _ r }¥\ sup \B Q {g)\>8e~ 1 h 2 f p ). 



Further, since a(-) is supported on [0,3] and s > -r—, 



A z (g)=±6 



z+Q 2 



K a> t{y -x)g 2 {y)dy 



[u{hj d dx)-ht d dx\ 



for all z G 7L d n Q t f lt _ r as t is sufficiently large. Consequently, the random 
variables 

sup A z (g); z £ h\7L d n Q t ~ ht _ r , 
form an i.i.d. sequence. Therefore, 

max sup A z (g) < ^—^-h 2 t ~ p 



zeh° t zinQ tht _ r ge g d{z+Qr) 



sup A (g) < 1 



1 



sup A (g) > ^-^-h] v 



-g&Qd{Qr) 

Summarizing our argument since (6.5) and (6.6) 
< uh 2 } 



(6.7) 



< 1 



sup Ao(g) > 

9&<3d{Qr) V 



2-p 

t 



#{h' t z d nQ tht _ r } 



+ #{hfZ d nQ tf }F{ sup \B (g)\>56~ 1 h 2 t - p } 



g&Gd{Qr 

Once again, we reach the point of using Theorem 3.1 and Theorem 3.2. 
In connection with (6.1), by definition 



sup Ao(g) = — inf 

g&Qd{Qr) g£Gd(Qr) 



K a ,t(y ~x)g 2 {y)dy 
x [uj(h t dx) — h^ d dx], 



Q, 
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sup \B (g)\ = sup 

9&Qd{Qr) g&Gd{Qr) 



L a ,t{y ~ x)g 2 {y)dy 
x [uj{ht d dx)-ht d dx] 



Taking e = h^ d in (3.7) and (3.6), 



1 



lim inf lim inf logP< sup Ao(g) > 



a— >oo t-^oo loEt 



limlimsup- logP{ sup \Bo(g)\ > 59 1 M p \ = — oo, 

<*-"*> t^oo log* l geQ d (Qr) ] 

where the rate functions lQ r (-) are defined in (3.9). 
By definition, 

2 



We claim that 
(6.8) 



lim sup 



r ^°°geQ d (Qr) 
Indeed, for a fixed g £ J'diQi) the function 



£ 2 (Qr) 



1. 



f r (x)= r d + 



1 



d-2 



\^9\\h {Ql) 



'1/2 



X G Qt' 3 



is in Gd(Qr) an d 



sup 

g&Gd{Qr 



C 2 (Q r ) - WJr\\c*(Q r ) 



r l + (l/2)r^\\Vg\\l 2{Qi) 



By (6.8) and by the definition of Iq t {') given in (3.9), 
/ ( 1 + €\ - ( ( d ~ gKl + 8) \ d/(d ~ p) (ud T (2p-d 



= \ Te ) U r V 



(r — > oo). 



-p/(d-p) 



Take u < (1 + 25) 1 Ao(0). There is a > such that when a and r are 
sufficiently large, 

sup A (g) > ^h 2 r P ) > exp{-(d - u(5)) logt} = «-(<*-"(*)) 
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and 

P{ sup \B (g)\ > 59~ 1 h 2 t ~ p \ < exp{-2dlogt} = r 2d 

for sufficiently large t. 

Being brought to (6.7), our estimates give 

P{A*e(Qt) < uh 2 } 

(6.9) < (i - t -( d -"W)) #{h *' zdn0 ^--> + #{/^ n Q V5tht _ r }r M 

< expi-cifWh-^-V} + c 2 r d . 
For any 7 > 1 and u < (1 + 25)~ 1 Ao(0), therefore, 

^P{A^(Q 7fc )<^4<oo. 

fc 

By the Borel-Cantelli lemma, 

liminf h^Xg^Q^) > (1 + 2<S) _1 Ao(0) a.s. 

Since \e^{Qt) 1S monotonic in i and 5 > can be arbitrarily small, we have 
proved (6.4) associated with (6.1). 

As for (6.2), by (3.11) and (3.12) (with e = h^ d ), 



li m _Llo g p( SU p \ Bo (g)\ >S9- l h 2 t - p } 



-OO, 

~9&Qd{Qr) 



l im J_l ogP ( sup Ao (g) > ^h 2 t - p \ 

t^oo lost V„^n..(r> \ J 



= dl(d-y) 2 + d-p 1 + 6 d/(d _ p) 2 + d-p 1 + 5 
(2-p)p* Qr ~ (2- P ) PQr 9 ' 

where p* D is defined in (3.10) and 

PQ r = sup / -j—dx. 



g&Q d {Qr)JQr \ x \ p 

Clearly, pQ r is nondecreasing in r and pQ r < p(d,p), where p(d,p) is defined 
in (5.14). We claim that 

(6.10) lim p Qr =p(d,p). 

r— >oo 

Indeed, let q(-) be the smooth truncation function introduced in Section 3. 
For any / G £d(M d ), write 

f r (x) = f(x)a(3r- 1 \x\). 
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The function 

(6.11) g r (x) = (\\fr\\c* {Qr) + 2- 1 ||V/ r || £2(Qr) )- 1/2 /r.(x) 
is in Gd(Qr)- Thus, by the fact that «(•) > l[o,i] (•) 

a L"w dx >- ('"*<*> + s'^'w,)" 1 L r/3} ^ 

Notice that ll/rll^Q^) < ||/||| an( i 

|V/ r (x)| < 3r-V(3r~Vl)l • 1/(^)1 + a(3r-Vl)|V/(x)| 

^Sr-VC^I + lV/Cx)!, 

where the last step follows from the fact that |a(-)| < 1 and | a'(-)\ < 1. 
Thus, 

(6.12) hminf(||/ r ||2 2(Qr) + frWl^)' 1 > (||/||| + HlV/Hl)" 1 = 1- 
Summarizing our argument, 

liminfpQ,. > / ^-^-dx. 

r^oo J Rd \x\P 

Taking supremum over / S on the right-hand side leads to (6.10). 
By (6.10) and (A.7), therefore, 

(2-p)/2 



(fx. 



lim p Qr 



2-p 



f' 2 a{d,p). 



Similarly, the above discussion leads to (6.4) [corresponding to (6.2)], 
again by the Borel-Cantelli lemma. 



APPENDIX 

Lemma A. 1. Under d/2 < p < d, 



(A.l) 



exp 



1 

Jx\p 



1 + 



1 

\x\p 



dx = aid 



d — p 



2p-d 
p 



where ujd "is the volume of the d- dimensional unit ball. 



Proof. By the sphere substitution, 



exp 



1 

Jx\p 



1 + 



1 

\x\p 



dx = du>d 
du d 



exp 



1 



1 + 



— / [e- 7 -l+7]7-( d+p )/ p d 7 , 
V Jo 

where the second step follows from the substitution p = 7~ 1 / ? \ 
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Applying the integration by parts twice (under the assumption d/2<p<d), 



[e~^ -l + 1 ]^ { - d+p)lp d 1 = - / [l-e- 7 ] 7 - d/p d 7 

d Jo 



P 2 



d(d - p) Jo 

p 2 (2p — d 



7 -(d-p)/d e -7 d7 



d(d - p) 

We have proved identity (A.l). □ 



r 



Recall that for any domain D C M. d , 

Gd{D) = {g £ W 1 ' 2 (D); \\g\\ 2 c2{D) + U^aW'J^ = 1}, 
F d (D) = {g£W^ 2 {D)-\\g\\ C 2 {D) = l}. 
In particular, Q d = Q^iW 1 ) and J r d = 



Lemma A. 2. Let the functional Z(g 2 ) [g £ W 1 ' 2 (D)J satisfy Z(cg 2 
cZ(g 2 ) for every g £ W 1,2 (D) and c > 0. Then 



sup {z{g 2 )- \ ( \Vg{x)\ 2 dx\>l 
\F d (D) I 1 JD J 



if any only i/sup 36 g d(D) Z{g 2 ) > 1. 

PROOF. For any g £ J : d (D), 

Z(g 2 )<( sup Z{f 2 ))(l + \f \Vg(x)\ 2 dx). 
VeG d (D) y V ^ ./d / 

Hence, 



sup |^ 2 )-i / |V 5 (x)| 2 dx) 

sup JY sup Z(f 2 ))(l + U \Vg(x)\ 2 dx)-U \Vg( 
TdD) I V/eOvfD) / V ^ Jd ) 1 Jd 



< sup <M sup Zf.ni|l + -/ |Vflfs)r dx I - - / |V.<7fs)rdxy. 
geJ- d (D) I \feg d (D) 

Therefore, sup ge g d{D) Z(g 2 ) > 1, if 

sup {z{g 2 )- \ ( \Vg(x)\ 2 dx)>l. 

On the other hand, assume sup sg g d (£>) Z{g 2 ) > 1. Then there is 50 £ Gd{D) 
such that > 1. Write / (x) = go(x)/\\g \\ C 2( D ). We have / £ T d (D) 
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and 

Z(fo) ~\J \Vfo(x)fdx > \\g \\- C 2 {D) ~ \\9o\\-J iD) (l ~ \\9o\\l HD) ) = 1- n 
It was shown (see [1], (1.19)) that for every A > 0, 

(A.2) M(A)=su P (a/ ^Idx-- f \X7g{x)\ 2 dx\ < oo 
ger d I Jr<i \x\p 2 J R a J 

under d/2 < p < min{2, d}. 

Further, by rescaling g(x) i— > a d / 2 g{ax) for suitable a > 0, one can show 
that 

(A.3) M(A) = A 2/(2 ~ p) M(l). 

Lemma A. 3. Under d/2 <p < min{2, d} ; there is a constant C > suc/i 

(A.4) / lMdx<c\\f\\lr p \\vf\\ p 2 yf€W^ 2 (R d ). 

JR d \ x \ 

Further, let a(d,p) be the smallest (infimum) among above C. Then 
(A.5) M(A) = ^^f^ 2 - p \\a{d,p)) 2 ^ 2 -' p \ A > 0. 

In addition, 

(A.6) p(d,p) = sup< — — — dx; g £ Gd\ < °° 

and 

/2-n\ (2_p)/2 , 
(A.7) p ( d , p ) = (_Ej p p / 2 a(d,p). 

Proof. In view of (A.3) we may take A = 1 in (A.5). For any / £ W 1 ' 2 
with ||/|| 2 = 1, let 

^dx = C f \\Vf\\ p . 

Given 7 > 0, let g(x) = j d / 2 f(jx). Then \\g\\ 2 = 1, ||V 5 || 2 = tI|V/|| 2 , and 
therefore 

;) ^ = 7 P I Q^dx = YC f \\Vf\\ p = C f \\Vg\\ p . 



\A P jR d \w 

Thus 

M(l) > C f \\Vg\\ p - i||V 5 || 2 = Cff\\Vff 2 - ±7 2 ||V/||I.. 
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Since 7 > is arbitrary, the variable 7HV/H2 runs over all positive numbers. 
Consequently, 

M(l) > suJcfO* --x 2 ) = l^l C 2 / {2 - p V /i2 - p) . 
x>o [ 2 J 2 > 

By homogeneity, we have proved (A. 4) with 

M (l) > ^-PpP/^-p)a(d, P ) 2 ^-P\ 
On the other hand, for any g E 

[ l^-dx-\! \Vg(x)\ 2 dx<a(d,p)\\Vg\\ p -\\\Vg\\ 2 

jRd Fr 2 JR d 2 

< sup 1 <7i(<i,p):r p — —x 2 



x>0 

_2-p 

We have proved (A. 5). 

Obviously, (A. 6) follows from (A. 4). Take 



f/^a(d,pfl^\ 



p(d,p) J M d \x\p 

We have that sup g£ g d Z(g 2 ) = 1. By (A. 3), the function M(A) is continuous 
and increasing. By Lemma A. 2, we must have 

(A.8) m(—^-]=1. 



Finally, (A.7) follows from (A. 5) and (A.8). □ 



p*(d,p) = sup sup / 



Another variation appearing in this paper is 

g 2 (y) 

We now claim that 

(A.9) p*(d,p)=p(d,p). 
Indeed, 



dy. 



p (d,p) = sup sup / 1 j— dy = sup sup / — — ; — dy 

xm d g£G d J^ d \V ~ x \ p x&R d g&GdJ«. d \y\ p 



gdGdJ^ \y\ 

where g x {y) = g(x + y), and the inequality follows from the fact that g x E 
as soon as g £ 



4G 
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